Abstract. There are known constructions for some regular polygons, using only straightedge and compass, but not for all polygons-the Gauss-Wantzel Theorem states precisely which ones can be constructed.
Geometric constructions for the regular polygons
As many of us have learned in high school, there are geometric constructions for some regular polygons, using only straightedge and compass. This is a classical problem, which is interesting on its own right, even though the methods have become obsolete with geometry computer programs.
The constructions for the triangle, the square and the hexagon are simple. For the pentagon, the construction is more delicate, but well known. For the octagon, one can simply bisect the angle of the square. The same goes for the decagon, one bisects the angle of the pentagon.
The reader may have noticed that we have skipped two regular polygons: the heptagon (7 sides) and the nonagon or enneagon (9 sides). There is a good reason for it: no matter how hard we try, we will never find a straightedge-and-compass construction for them. This is a consequence of the following classical result.
Gauss-Wantzel's Theorem. The division of the circle in n equal parts with straightedge and compass is possible if and only if n = 2 k p 1 . . . p t where p 1 , . . . , p t are distinct Fermat primes.
A Fermat prime is a prime of the form 2 2 m + 1. Presently, the only known Fermat primes are 3, 5, 17, 257 and 65537. Gauss proved, in his early years, that the 17-gon is constructible. He went on to formulate the theorem, Wantzel concluded the proof in [Wa] .
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We refer to chapter 19 of the book by Stewart [St] for a complete proof of this theorem, where you can also find a reference for the construction of the 257-gon (!), as well as some funny anecdotes about the 65537-gon.
As we said, this result implies that the heptagon and the nonagon are not constructible with straightedge and compass: 7 is not a Fermat prime, and 9 = 3 × 3, with the Fermat prime 3 appearing twice in the factorisation of 9. Nevertheless, it is possible to find good approximate constructions for both these polygons.
Several artists took an interest in finding ways to divide the circle in n parts, and use this in their work. Dürer was known for his taste for these constructions (see [Dü] ). In the 20th century, there was a famous Portuguese modernist artist, Almada Negreiros, who produced drawings consisting solely of such constructions. We reproduce two of them here in Figure  1 (the originals can be found in [5, 6] ). In the first one, the arc O7 is the 7th part of the circle, and in the second, the lines ab, aO and ac are the chords for the 14th, 10th and 9th parts of the circle, respectively. The errors are 1% for the 14th part, 0.2% for the 7th and an amazing 0.001% for the 9th. The 10th part is exact. See [Fr] and [FS2] for a detailed analysis.
A general construction
Generally, the constructions become more and more intricate as we increase the number of sides of the polygon. Moreover, they are very distinct from one polygon to the other. While searching for good approximations, one must try to find a compromise between the complexity of the construction and its accuracy. As it happened, one of the authors once asked a friend who teaches the high school descriptive geometry class if there was a general approximate construction for the n-gon which such characteristics. And it turns out there was. She proceeded to draw the picture in Figure 2 as a construction for the nonagon. After drawing a circle, one determines the intersection point V of two arcs of circle centred at the endpoints of a diameter, having this diameter as radius.
2 Then one divides the diameter in 9 parts and takes the second point from the left to define the ray. The process is completely generalfor the n-gon one simply has to divide the diameter in n parts an always take the second point from the left.
This method can be found in some descriptive geometry books, such as [Br] and [Le] : it is called the Bion method, cf. the book [Bi] and [Ho] . A variation of this method was proposed by Tempier [Te1, Te2] : one can also take a different ray, directed by another point, situated also on the diameter at a distance of two n-th parts from the centre of the circle. This is called the Tempier method, which we exemplify for the nonagon in Figure 3 .
The 19th century papers [Ho, Te1, Te2] include mathematical descriptions of the methods and error tables, and notice that for the 17-gon, the construction is much simpler that Gauss's (even though it is approximate). The subject seems to be not so well known in the present mathematical community, and these constructions have received recent interest in the article [Mi] , where the mathematics involved is again described.
For a visual approach to the methods, we refer the reader to the following online worksheets, that show the polygons determined by Bion's method, [3] , and Tempier's method, [4] .
Still, we were puzzled about why would these methods afford an approximation of the n-th part of the circle at all? What was so special about the point V and the length of 2 n-th parts of the diameter? Therefore, our main aim, for the remainder of the paper, is to present a unified mathematical analysis of these methods (slightly different from the ones presented in previous papers) in order to provide the answers to these two questions.
Measuring the error
From now on, we will consider the errors in the angles determined by the constructions. To know these errors, we must first find the exact values of the angles determined by each one. The analysis presented here is slightly different from the one in the original papers, and is thought so that it can be used for both methods.
Consider Figure 4 , where the vertical and horizontal lines meet at the centre. We want the values of angles x and y. We start studying the angle δ:
Since δ is an obtuse angle, given the main restrictions of sine, cosine and tangent we have
This identifies the angle δ from the lengths a, b, and c. Now we establish the value of angle α, using the law of sines.
By considering the figure, we see that
Now we can calculate the value of x: recalling the expressions (1) and (2),
For the value of y, notice that
We can now express the values of the angles that appear in the Bion and Tempier methods: it suffices to calculate the values of a, b, c and d.
Let's take as unit the radius of the circle, i.e., d = 1, since it will be clear from the computations that the angles do not depend on this value.
Bion method. In this case, we are interested in the value of x. We have
Therefore,
We present in the table below the values, for n = 4, . . . , 20, of 2π/n, the approximation x, as well as the error and the relative error. All the quantities were rounded to four decimal digits. Elementary -but rather tedious -computations show that the function "relative error", defined on the integers greater than or equal to 4, given by
is only exact for n = 4, 6, has a maximum for n = 5, and it is strictly decreasing for n ≥ 6, converging as n → ∞ to 1 − 2 √ 3/π −0.1026. Thus Bion's formula is only exact for π/2 and π/3, and in the other terms the error can go from 0.1% to 10.3% (although, as we can see from the table above, it is still reasonable for n = 20: approximately 3.5%).
Tempier method. In this method, a = 4/n, b = √ 3 and c = √ 3n 2 + 16/n. In this case the approximation for 2π/n is given by By studying now the function
we see that it reaches a maximum at n = 5, and then it is strictly decreasing for n ≥ 5, converging to −(6+2 √ 3−3π)/(3π) −0.00417. Then the formula is only exact for π/4 and π/6, while in the other terms the error is never worse that 0.9%! Comparing the two methods, one concludes that Bion's is better for n = 5, 6, 7, they are more or less equivalent for n = 8, and then for n ≥ 9 Tempier's is much more efficient.
We noticed that for the Bion hexagon and the Tempier dodecagon the construction was exact. Both polygons give origin to Figure 5 , with
This also means that BF = 2F A.
Figure 5. Exact cases
It is straightforward to prove this exactness using more elementary methods. Take a parallel to BV through point A, and let G be its intersection with line V F . Using the similarity of triangles BF V and GF A, one can show that BAG = π/3 (which implies that GAF = π/6), and that point G is on the circle.
This proves what we want, since π/3 and π/6 are the centre angles for the hexagon and dodecagon, respectively.
The rectification of the quadrant
We now turn to the question regarding point V . Why was this point chosen for these constructions?
We noticed that, in [Br] , there is a construction for rectification of arcs smaller that π/2 that uses a very close point, see Figure 6 . The point R is marked on the vertical line at a distance from D equal to 3/4 of the radius, as the figure shows (we used R for rational). So, the position of point R is such that the approximation of π for the rectification of the whole quadrant is the famous 22/7 3, 14286.
If we use the point V from the previous constructions to rectify the quadrant, and do the corresponding proportion, we find that the implicit approximation of π is (2 + 2 √ 3)/3 3, 15470.
One can also work the other way around: what would be the position of a point P , on the line BD, such that the rectification of the full quadrant would be exact? If we work out the proportion once more, we find that the distance from P to C would have to be 2/(π − 2) 1, 75194. This is a non-constructible length, since it is transcendental, and point R is a very good approximation.
We summarise our computations in the following table.
Point
Distance to C 2 × (rectified quadrant)
R 7/4 = 1, 75 22/7 3, 14286
If we use this point P for the Tempier process, and calculate the corresponding relative error, we see that the limit is 0 as n → ∞.
We conclude that all points V , R and P are reasonable base points for rectifying arcs. In particular, it probably explains why V was chosen: of the constructible lenghts, it is probably the easiest to mark.
So, when we look for the value of the angle in the Tempier or Bion methods, we can look at the length of the corresponding (approximately) rectified segment on the tangent line. Now, if you divide the diameter into n equal parts, this corresponds to a division of the full rectified half-circle into n equal parts as well. Each part will then have length π/n, so one has to take two of these in order to get a length of 2π/n, as we wish. And this explains why we must take 2 segments on the diameter in order to define the angle 2π/n.
Conclusion
In this paper we looked at geometric constructions that are familiar to artists, architects and people interested in descriptive geometry. These constructions don't seem to be so well known in the mathematical community. We studied the mathematics involved in these constructions, reformulating the mathematics that appears in the original papers, in order to understand how they work.
In practice, approximations are acceptable in certain circumstances, and some errors are so small that the very thickness of the trace renders them negligible. Our computations confirm that the Bion and Tempier methods are good options for the n-gon, being acceptable even in the cases when an exact construction is known.
